KEK-TH-989 
OIQP-04-06 



Wilson Loops and Vertex Operators in Matrix Model 



Satoshi Iso* 1 , Hidenori Terachi* 2 and Hiroshi Umetsu^ 3 



* Institute of Particle and Nuclear Studies 
High Energy Accelerator Research Organization (KEK) 
Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan 
and 

Department of Particle and Nuclear Physics, 
the Graduate University for Advanced Studies (Sokendai) 
Oho 1-1, Tsukuba, Ibaraki 305-0801, Japan 

t Okayama Institute for Quantum Physics 
1-9-1 Kyoyama, Okayama City, Okayama 700-0015, Japan 



Abstract 

We systematically construct wave functions and vertex operators in the type IIB (IKKT) 
matrix model by expanding a supersymmetric Wilson loop operator. They form a massless 
multiplet of the M = 2 type IIB supergravity and automatically satisfy conservation laws. 



satoshi . isoOkek. jp 
2 terachi@post .kek.jp 
3 hiroshi_umetsu@pref . okayama. jp 



1 Introduction 



Type IIB (IKKT) matrix model was proposed as a nonperturbative formulation of su- 
perstrings [T] and has been expected to be equivalent to the type IIB superstring. The 
Schwinger-Dyson equation of the Wilson lines are shown to describe the string field equa- 
tion of motion of type IIB superstring in the light cone gauge Although there are still 
many issues to be resolved, the model has an advantage to other formulations of super- 
strings that we can discuss dynamics of space-time more directly 3 . The action of the 
model is given by 

Sikkt = -itr [A/j,, A v ] 2 - itr 4>T»[A^\, (1.1) 

where A^ (fi = 0, • • ■ ,9) and ten-dimensional Majorana-Weyl fermion ip are N x N bosonic 
and fermionic hermitian matrices. The action was originally derived from the Schild action 
for the type IIB superstring by regularizing the world sheet coordinates by matrices. It 
is interesting that the same action describes the effective action for N D-instantons [I]. 
This suggests a possibility that D-instantons (D(-l)) can be considered as fundamental 
objects to generate both of the space-time and the dynamical fields (or strings) on the 
space-time. The bosonic matrices represent noncommutative coordinates of D(-l)'s and 
the distribution of eigenvalues of A^ is interpreted to form space-time. 

If we take the above interpretation that the space-time is constructed by distribution of 
D-instantons, how can we interpret the £0(9, 1) rotational symmetry of the matrix model 
action? This symmetry can be interpreted in the sense of mean field. Namely we can 
consider that the system of N D-instantons are embedded in larger size (N + M) x (N +M) 
matrices as 

' ND(-1) 

MD(-l) as background for ND(-V 

and consider the action (jl.lj) as an effective action in the background where the rest, 
M eigenvalues, distribute uniformly in 10 dimensions. If the M eigenvalues distribute 
inhomogeneously, we may expect that the effective action for N D-instantons is modified 
so that they live in a curved space-time. This is analogous to a thermodynamic system. In a 
canonical ensemble, a subsystem in a heat bath is characterized by several thermodynamic 
quantities like temperature. Similarly a subsystem of N D-instantons in a "matrix bath" 
can be characterized by several thermodynamic quantities. 

Since the matrix model has the M = 2 type IIB supersymmetry 

5A^ = HT^, , . 

<ty = -HA^A^e + e'lN, ^ 

we expect that the configuration of the M D-instantons can describe condensation of 
massless fields of the type IIB supergravity and the thermodynamic quantities of the matrix 
bath are characterized by the values of the condensations. 

In order to discuss which type of configurations for M D-instantons correspond to the 
condensation of massless type IIB supergravity multiplet, we consider the supersymmetry 
transformations (jl.Hj) in the system of N + M D-instantons (jl.2j) . In particular, we consider 



1.2) 
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in this paper the simplest case that the background is represented by one D-instanton 
(namely M = 1). This simplification can be considered as a mean field approximation that 
the configuration of M D-instantons is represented by a mean field described by a single 
D-instanton. We call this extra D-instanton a mean field D-instanton. This kind of idea 
was first discussed by Yoneya in [5]. We hence embed N x N matrices into (iV+1) x (JV+1) 
matrices as 

(L4) 

Here we use A' ip' for (N + 1) x (N + 1) matrices and A^, ip for N x N parts of the 
matrices, (y, £) is the coordinate of the mean field D-instanton and its configuration (or 
the wave function) /(?/,£) specifies a certain background of the massless type IIB super- 
gravity multiplet. The supersymmetry transformation (jl.3|) for (A' ip') can be rewritten 
in components as 

5A^ = ieTpif), 

% =ieT^, (1-5) 
and 

+ a^al - a v al)T^e + e'l N , 
-|(ata,-ata M )r^e + e', (1.6) 

-f {(A* - - (4, - y*M r ^ e > 

where F^ u = [A^,A V ]. We can obtain an effective action for the diagonal blocks by in- 
tegrating the off-diagonal parts a M , 4>. In the leading order of the perturbation, we can 
neglect terms depending on the off-diagonal fields and the susy transformations are given 
by 




5£ =t'. 1 Sj 

The first transformations for N D-instantons are the same as the original susy transforma- 
tions, eq. (|1.3|) . The second ones are TV = 2 supersymmetry transformations for the single 
mean field D-instanton. The generators of the former are given by 

a* = i&^-LF^e^, (1.9) 
eQ 2 = e-£-, (1.10) 



2 



while those of the latter are given by 

m = «r„« A , (1.11) 

?<* = (1-12) 

In order to obtain the correct wave functions f(y,£) corresponding to the massless su- 
pergravity multiplet, we need to obtain the multiplet of wave functions that transform 
correctly under the supersymmetry transformation (|1.8p . 

When the supersymmetry transformations f)l .8|) act on wave functions of the form 
e~ %k " y /(£), they become 

e'q2f(0e- lk - y = e'^- f{£)e**. (1.13) 

In this paper, as a first step toward discussing dynamics of condensation, we derive 
a multiplet of wave functions for the single (mean field) D-instanton and corresponding 
vertex operators for the N D-instantons. Such vertex operators were partly obtained by 
Kitazawa[6 for the type IIB matrix model by using the supersymmetry transformations. 
We give a more systematic derivation of the vertex operators by expanding supersymmetric 
Wilson loop operators. They automatically form a supersymmetry multiplet and satisfy 
conservation laws. In the context of M(atrix) theory for D-particles or membrane the- 
ory, such vertex operators corresponding to the supergravity modes were also constructed 
by one- loop calculations in fermionic backgrounds 7\ or by using supersymmetry trans- 
formations of the Wilson loop operator 0. Vertex operators for matrix strings were also 
constructed in by duality transformations of the above. 

The content of the paper is as follows. In section 2, we construct a supersymmetric 
Wilson loop operator which is invariant under simultaneous supersymmetry transforma- 
tions of N D-instantons and the remaining single D-instanton coordinate. In section 3, by 
using the supersymmetry transformations, we construct a multiplet of wave functions for 
the single D-instanton. In section 4, we then expand the supersymmetric Wilson loop in 
terms of the wave functions derived in section 3 and obtain a multiplet of vertex operators 
for N D-instantons. Section 5 is devoted to further discussions concerning dynamics of 
condensations. In appendix, we summarize our notations and useful identities. 



2 Supersymmetric Wilson Loop 

In order to construct wave functions fA{0 e ~ tky an d vertex operators Va(v4 m , ip; k) that 
transform covariantly under supersymmetries (jl.8|) and (J1.7)) respectively (A denotes a 
field of a massless M = 2 supergravity multiplet), we first consider a supersymmetric 
Wilson loop operator first introduced in ^U] for the IIB matrix model; 

w(C) = trY[e^ Ql e~ iek i A »e-~ x i Ql . (2.1) 
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Since we are interested in the massless multiplet, we here consider the following simplest 
Wilson loop operator 

u(X,k) = e XQl tie ik - A e~ XQl . (2.2) 

We will then show that by expanding the operator u(X, k) we can obtain a set of wave 
functions and vertex operators. Hereafter, we assume that the N x N matrices and ip 
satisfy the equations of motion, 

[A u , [A,, A,}} - l - (ToT,)^ ty] = 0, (2.3) 
rqA„^]=0. (2.4) 

First we show that u(X, k) is invariant under simultaneous supersymmetry transforma- 
tions for N x N matrices A^,^ and the parameters (A, k). When we act supersymmetry 
transformation e 6 ^ 1 on cu(X, k), it becomes 

e" Ql u(X,k)e-" Ql = e" Ql e XQl tre ik - A e~ XQl e-" Ql 

= cu(e + X,k). (2.5) 
Here G is the generator of U(N) transformation and we have used the commutation relation 

[hQuhQi] = 2A%i> 2 G 

+ (-^ir^ 2 )r, + ^(e.r^e^...^ r x [A\^. (2.6) 

The second term on the right hand side vanishes due to the equation of motion ()2.4j) . Simi- 
larly for the other supersymmetry transformation e 6 ® 2 , the Wilson loop operator transforms 

as 



e lQ2 u{X,k)e-" Q2 = e * Q2 e XQl tre ik A e~ XQl e-" Q2 

= e- {x * e) uu(X,k), (2.7) 
where we have used the commutation relation 

[e 1 g 1 ,e 2 g 2 ] = -z( e - 1 r^ 2 )^ r . (2.8) 

From ()2.5|) and (|2.7|) . the following two relations for the supersymmetric Wilson loop 
operator are obtained; 

[eQ!,u;(A,A;)]-e^u;(A,A;) = 0, (2.9) 

[eQ 2 , u(\, k)] + (A>V(A, k) = 0. (2.10) 
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These relations mean that the supersymmetric Wilson loop operator is invariant if we per- 
form supersymmetry transformations (jl.7|) simultaneously with the supersymmetry trans- 
formations for (A, k). By expanding uj(X,k) in terms of an appropriate basis of wave 
functions for A as 

u;(A, k) = /a(0 V a (A„ V; k), (2.11) 

A 

we can define supersymmetry transformations for the wave functions by 

6®f(\,k) = c^/(A,*), (2.12) 
SWf(\,k) = (ejtX)f(X,k). (2.13) 

These transformations are the same as ()1.13|) except that these two supersymmetries are 
interchanged. As we explain later, the interchanging can be realized by a charge conjugation 
operation. 

The Majorana-Weyl fermion A contains 16 degrees of freedom and there are 2 16 inde- 
pendent wave functions for A. To reduce the number, we impose massless condition for the 
momenta k. Then since fcX has only 8 independent degrees of freedom the supersymme- 
try can generate only 2 8 = 256 independent wave functions for A. They form a massless 
type IIB supergravity multiplet containing a complex dilaton $, a complex dilatino $, a 
complex antisymmetric tensor B^, a complex gravitino ^ r At , a real graviton and a real 
4-rank antisymmetric tensor A^ vp(7 . 

We now define a charge conjugation operation on the massless wave functions /(A, k). 
The charge conjugation is an operation to interchange a wave function with p(< 8) A's and 
that with (8 — p) A's. It is defined by 

CJSA. 



(C7)(C, k) = f c ((, k) = J [dX] e^f(X, k), (2.14) 

where the integration of A is performed with respect to eight A's included in jtX. The 
integral measure is normalized so that C 2 = 1. Acting C 2 = 1 on a wave function, we get 



(C 2 f)(X>, k) = J [dC][dX}e< ^ X - X V(X, k) = J [d(][dX]e< * x f(X + A', k) 

= |KPA]i(aA) 8 /(A + A'). (2.15) 

If we take a special momentum k^ = (E, • • • 0, E) and use the Gamma matrices given in 
appendix, we have 

i(C7A) 8 = (2£) 8 (C 9 Go ■ • ■ Ci 6 )(A 9 ■ ■ ■ A 16 ), (2.16) 
and the normalization of the integration is given by 

[d(] (2£) 4 (C 9 ---Ci 6 ) = l. (2.17) 
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It is easy to show that supersymmetry transformations for the charge conjugated fields are 
interchanged between <jW an d 5^; 

(s^mck) = m)f c (o=s^no, (2.18) 
(5^fnc,k) = e A rco = 5 (1) r(0- (2.19) 

3 Wave Functions for the IIB Supergravity Multiplet 

In this section we derive wave functions /(A, k) for a massless supergravity multiplet by 
using the transformations (|2.12j) and ([2. 13)1 . It can be seen that these wave functions satisfy 
the susy transformations of the IIB supergravity. 



3.1 Dilaton $ and dilatino <£> 

We start with the simplest wave function which can be interpreted as a dilaton field $ in 
the IIB supergravity multiplet; 

$(A,Jfe) = l. (3.1) 

Dilatino wave function $ can be generated from the dilaton wave function $ by super- 
symmetry 5^ as 

5^^(X,k) = ejtX = e^(X,k). (3.2) 
Hence the dilatino wave function is given by 

$(A,Jfe) = /&A. (3.3) 

The dilatino wave function automatically satisfies the equation of motion 

^<£ = 0, (3.4) 

because of the massless condition k 2 = 0. Then we can show the supersymmetry transfor- 
mation between the dilaton and the dilatino; 

5«$ = ^e = r"e(-id^). (3.5) 



3.2 Antisymmetric tensor field 

The wave function of the next field, an antisymmetric tensor field contains two A's and can 
be generated from the dilatino wave function by 5^ transformation as 

5®$(\, k) = —T^e k, AIVA) = -^T^eH^, (3.6) 

We identify Hp Up as the field strength of the antisymmetric tensor Bp U (X, k), 

Hp V p = i{kpB vp + k v Bpp + kpBpy). (3-7) 



6 



Then the wave function is given by 

1 1 

B^(X, k) = -- b,„, + {k^v u - k u Vfj) = -- + k^v^, (3.8) 

where represents gauge degrees of freedom corresponding to the two form gauge field 
B^y. Here we have defined an antisymmetric bilinear of A by 

6^(A) = kP{\T, vp X). (3.9) 

They are the only independent bilinear forms constructed from 8 independent massless 
spinors (namely nonzero components of Jk\) and there are §£2 = 28 degrees of freedom. 
This number can be understood as follows. b pv satisfies two relations 

k% u = 0, (3.10) 
fe^T^A = 0, (3.11) 

and an independent number of each relation is 9 and 8. Hence the number of independent 
b^y is i C 2 — 9 — 8 = 28. The proof of the second relation (|3.11|) is given in the appendix. 

For simplicity we fix the gauge degrees of freedom as ^ = 0. For the wave function 
(13. 8|) . the equation of motion for the antisymmetric tensor is satisfied, 

k^H^,, = 0, (3.12) 

because of k 2 = and 

WB^ = 0. (3.13) 

A variation under the other supersymmetry 5^ of the wave function B^^X, k) is calculated 

as 

6® Bp, = -eTV<£. (3.14) 

3.3 Gravitino ^ 

A gravitino wave function contains three A's and can be generated from B^ u through 5^ 
supersymmetry transformation. It is defined through the susy transformation 

8®Bp V = 2i{eT0> u] + k^K])- (3.15) 

A M is a gauge transformation parameter. Since the left hand side of ()3.15|) becomes 

6^B, U = (e^A)^(A, k) = -1(^A)6^, (3.16) 

we can identify the wave function 

m,{\k) = -^ A {k p T»»\)bp. v , (3.17) 



7 



and the gauge transformation parameter 

K{\k) = -^{^X)b pv . (3.18) 

The wave function (|3.17|) automatically satisfies the equation of motion 

kvT ^pq, p = o. (3.19) 
With the gauge choice in ()3.17|) . this equation of motion is equivalent to 

= 0, (3.20) 

because of 

p% = = 0. (3.21) 
The supersymmetry transformation 5^ for the gravitino wave function is given by 

S^%(X,k) = -^[(r»6^ + 2(r^A)( e T^ p A)F] 

1 [QT^eH^ - T pvpa eH^} + (gauge tr.). (3.22) 



24-4 



3.4 Graviton and 4- rank antisymmetric tensor A^ vp( j 

In the wave functions containing four A's there are two fields, graviton h pu and 4-rank an- 
tisymmetric tensor field A pvpa . These wave functions can be read from the supersymmetry 
transformations of the gravitino field as 

6 (2 ^,(X, k) = l -T x %h pX e + j^T" 1 " " 5 i>F pi ... P5 + (gauge tr.). (3.23) 

Here the field strength F pupaT (\, k) is defined by 

F pV p aT = ik p A vpuT + (antisymmetrization) = ik^A vpaT y (3.24) 
Since the left hand side becomes 
6My,(\,k) = (efi\)% (3.25) 



i 

24 



12- 16" " p M ™ ' 24- 16 



^ PlP2P3P ^k [p b PlP2 b P3Pi] - (gauge tr. 



(3.26) 

we have the graviton wave function h pv as 



V(A,*0 = ^VV (3-27) 



Because of the identity b llv V J,v = 0, the graviton wave function is traceless. By using the 
self-duality of F pupaT , 

1 1 H r pi-p 5 — 1 fj, r P1-P5 ^ OL £ pl-pAP. \O.Z,Oj 

= 10T^F pi ... P4P , (3.29) 
we can also obtain the wave function for the field strength as 

Fpi-pw = 32 • 4! kl/A'ipafy's/w]- (3.30) 
and hence for the 4-rank antisymmetric tensor A pi ... P4 as 

A P1 ... P4 (X, k) = ~ 32 (41) 2 ^bi/ 9 2^3P4] > (3.31) 

up to gauge transformations. It can be checked directly that the field strength F pupaT is 
self-dual with this wave function. 

Under the other susy transformation these wave functions transform as follows, 

S {1) h pu = -ieT^ v) + (gauge tr.), (3.32) 



S (1) A pupa = --—^eT^p^fa] + (gauge tr.), (3.33) 
where a round bracket for indices means symmetrization with a weight 1. 



3.5 Charge conjugation and the other wave functions 

The other wave functions in the massless supergravity multiplet can be similarly con- 
structed by using the supersymmetry transformations. In the following we instead make 
use of the charge conjugation operation (|2.14j) to obtain the other wave functions. 
First the charge conjugation of the dilaton field is given by 

nC, k) = j [dX] e^ A = (2E)\( 9 • • ■ Cu) = VV W(0- (3.34) 

The determination of the coefficient is straightforward but not easy to obtain. We have 
determined the coefficient by using a computer and verified that it is consistent with the 
susy transformations of the wave functions. 

The charge conjugated dilatino wave function becomes 

$ C (C, k)=f [dX] e^ A $(A, k) = ^k a T^Xb vp b^b afl . (3.35) 

It also satisfies the same equation of motion as the dilatino field 

^> c = 0. (3.36) 
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By taking the charge conjugation of the transformation ()3.2|) and ([3.5)1 . we have 

6^n(,k)=e&((,k), (3.37) 

5 {2) &{(, k) = T^{-id^ c ). (3.38) 

The wave function for the charge conjugated antisymmetric tensor field is given by 

B%{C, k) = J [dX] e^B^X, k) = -lb^b av . (3.39) 

From transformations (|3.6|) and ()3.14|) . we have supersymmetry transformations for the 
charge conjugated field as 

5^&((,k) = -J-r^e^r, (3.40) 

5^B; U = -eT^$ c . (3.41) 

Finally the charge conjugated gravitino wave function becomes 

%(C, k) = J [dX] e^(A, k) = -^k<T pX Xb x °b» a , (3.42) 
and its supersymmetry transformation is given by 

S^B^ = ^(er^ + V^), (3-43) 

S (2) %((,k) = -l-[9n(H IMUp r-T, vp(T e(H^) c ] + (gauge tr.). (3.44) 

Graviton and 4-rank antisymmetric tensor field are invariant under the charge conju- 
gation: 

hfiv h^LV i ^-fiupa A- pupa- (3.45) 

Therefore we have the charge conjugated supersymmetry transformation as 

6 (D^ = % T vP kpKue + « r^-P-r^.^ + (gauge tr .), (3.46) 



2 " ^ 4-5! 

i 

— i 

2 



5< 2 >V = - % -eY itl % ) + (gauge tr.), (3.47) 
S^A^ = -—i-^er^p^ + (gauge tr.). (3.48) 

3.6 Wave functions and SUSY transformations 

We here summarize the wave functions for the massless multiplet and their supersymmetry 
transformations. 
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Wave functions 



$(A,£; 
B^ u (\, k 

hn V {\, k 

^4/^pcr(A, k 

$ C (A,A; 
$ C (A,A; 

SUSY transformations 

5$ = £2$, 



1, 

1 



--(^r-A)MA), 



96 



32(4!) 



4-5! 



1 

8! 



6! 

k a T^ a \K p b^b a ,(\), 



8-8! 



5$ 



— - — [W^H^ - T flupa eiH' /pa ] + 



24-4 

i 

+ 4^5! 



/Hi/ 



fiupa 



-^e 1 r (/1 * l/) -|e 2 r { ^) + ^), 



1 



55 



5$ c 



4 24-4 
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where C,^,^ P and A M are gauge parameters. This supersymmetry transformation is the 
same as that in ^1] up to normalizations. 



4 Vertex Operators in IIB Matrix Model 

In this section, we construct the vertex operators in IIB matrix model. The construction 
can be done systematically by expanding the supersymmetric Wilson loop operator in 
terms of the wave functions J'a (A) constructed in the previous section. 

First we rewrite the Wilson loop operator ()2.2)1 in terms of the supersymmetry trans- 
formations of (ik ■ A) as follows, 

oj(X, k) = e^ Ql tre ihA e~~ XQl = tr e G , (4.1) 

where G is given as a finite sum 

G = ik-A+ [XQ u ik ■ A] + i[AQi, [AQi, ik-A]] + --- + -[XQt, ■ ■ • , [AQ l5 e^]] + ■■■ 

8 

= J2 Gi - ( 4 - 2 ) 

i=0 

Note that the sum terminates at % = 8 because there are only 8 independent A's for on-shell 
{k 2 = 0) Wilson loop operator. Each term can be evaluated as follows; 

G = ik-A, (4.3) 
Gx = -(A>V), (4-4) 
G 2 = -b^A^AA, (4.5) 

Gs = -^[Xr^,A v ], (4.6) 

g 4 = ^|V(Ar WCT A)[[^,A CT ],^]-^6^[Ar^,Ar^]}, (4.7) 

G 5 = -ij^(AT^A)[[^ (4.8) 



Note that G n contains n A's. In order to obtain a vertex operator of each field, we need to 
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expand u(X, k) and collect all terms with the same number of A as 

uj(X,k) = tr ( e ik - A+ ^ Gi ) 

= Str e lk - A 1 + Gi + • Gi + G 2 ) + + d • G 2 + G 3 ) 



+ ^T 1 + o(C?). • G 2 + -{Gl). + G 1 ■ G 3 + G 4 



( f + l^..G 2 + l { 

+Gi • G4 + G5 



+ 



(4.9) 



Here "Str" means a symmetrized trace which is defined by 
Str e lk - A B 1 ■ B 2 ■ ■ ■ B n = [ dh [ dt 2 ■ ■ ■ [ dt n . x 

JO Jtl Jt n -2 

xtr e ik ' Ml B 1 e ikmA{ta ~ tl) B 2 ■ • • e ikmA ( tn - 1 - tn - 2) B n - 1 e ik ' A{1 - tn - l) B n 
+ ( permutations of B^s (i — 2, 3, • • • ,n) ) . (4-10) 

The center-dot on the left hand side means that the operators Bi are symmetrized. We 
denoted Gk • Gk ■ • • Gk as (Gfy.. Various properties of the symmetrized trace is given in 

n 

the appendix. For notational simplicity we sometimes use Str with a single operator like 
Str (e lk ' A B) which is equivalent to an ordinary trace. If we set k — 0, the symmetrized 
trace becomes 

Str {B 1 ■ B 2 ■ ■ ■ B n ) = - V tr (B h B i2 ■ ■ ■ BJ . (4.11) 

perm. 

4.1 Dilaton <£> and dilatino $ 

Dilaton vertex operator V® is given by the leading order of A, namely a term without A, 

V* = tr e lk ' A . (4.12) 

Dilatino vertex operator V* is read from the term with a single A. This is also easily 
obtained as 

tr J kA G x = tr e^(-A^) = (tr e ihA 4>) ■ (jkX), (4.13) 

V* = tr e lk ' A i>. (4.14) 
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4.2 Antisymmetric tensor field B 



The vertex operator for the antisymmetric tensor B^ u can be obtained from the terms with 
two A's; 



Stre^ ( -G, ■(,', G> 



Str e^ A [ ■ + ^[A„ A v 



= Str e^ A [~^k^ ■ T^) + -[A„ A v \ ) 6^.(4.15) 

Hence the vertex operator for the antisymmetric tensor field is given by 

1 . / 



V, 



B 



Str e^ A [-k^-T, u ^)--[A lx ,A u ]). 



This vertex operator satisfies 



k»V* = 0, 



(4.16) 



(4.17) 



which assures the gauge invariance of the coupling with the wave function obtained in the 
previous section, B^ V {\)V^ U . 



4.3 Gravitino ^ 

The 3rd order terms give the gravitino ^ vertex operator as 

Str e lk - A (J^d ■ Gt ■ G 1 + G x ■ G 2 + G 3 

= Str e ik - A (-^(A^) 3 - \{\mif v ■ [A^A V ] - ^[A^XTuijA . (4.18) 

Here the following relation is useful, 

MA) P/ty) = \ {6/* p (Ar wp V) - hfkP{\Y^) - ^{XT^) + KbSiXT^)} . 

(4.19) 

Using this relation, the first term on the right hand side of ()4.18|) becomes 

*"(A), 



■-str e ifc - A F (^.r^v) 



(4.20) 



where \I/ M (A) is the wave function of the gravitino (|3.17|h Similarly the second term on the 
right hand side of ()4.18j) is rewritten as 



Str e 



ik-A 



~k% a (i>r u r p(T \) • [A^, Ay] - -ZT (Ar^) • [A^ik ■ A] 



(4.21) 
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By using the relation (|D.3|) in the appendix, it is easily understood that the last term 
cancels the third term of ()4.18|) . Therefore the terms with three A's become 

Str e* A ^(Gl). + G 1 -G 2 + G, 

Jk-A 1 1 



= Str e lk - A i-^k p (iP ■ I> P V0 - 2[A^ A u ]j ■ ^T" x ^(A), (4.22) 
and thus we have the vertex operator for the gravitino 

Vj = StTe ik - A ^-^k^-T^)-2[A^,A u \y^. (4.23) 

The second term is a matrix regularization of the supercurrent J M = {X^, X u }ip'j u associ- 
ated with the supersymmetry 5tp = e' of the Schild action. Here { } is Poisson bracket on 
the world sheet. 

This gravitino vertex operator is shown to satisfy 

= 0. (4.24) 

The first term of trivially satisfies this relation and the second term is calculated as 
follows; 

fc^the 2nd term of V^j = -2tr jf dt e ik - At [k ■ A, A^e^^ipT'" 

= 2itr [e lk - A , A^T» 
= 2iti e ik - A [A^4)}T» 

= 0. (4.25) 

In the last line, we used the equation of motion for the fermion, r A [y4^,V'] — 0. (|4.24|) 
assures the gauge invariance of the coupling with gravitino wave function 

V**". (4.26) 

4.4 Graviton and 4-rank antisymmetric tensor field 

The next terms with four A's give the vertex operators for the graviton and the 4-rank 
antisymmetric tensor A^ upa . The calculation becomes more complicated and we need to 
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use various identities involving fermions. Here we only write down the final results: 



Ak-A ( (^l)- 1 n n n i ^, 



Str e l ( — — h ■ G\ ■ G2 + i^* 2 ' ^ 2 ^ l ' ~^ 

Str e ^(I(A^) 4 + i(A^)V ■ [A P ,A U ] - ^b aP [A^A u } ■ [A a , Ap] 

+ 1 -{\^W U ■ [XT ^,4,] - ^[XT^,XT^\ + ^ v {\T^\)[[A w AplA v ] 
i^ZTStr e lk - A {[A^M] ■ [A U1 A P ] + ^ • 1^4,, 

+ % -k\$ ■ T pX ^) ■ {A°, A v ] - ^k x k T (^ • r MA » ■ $ ■ Tvr^) 
+1 . ( _ J_ ) (JW + + JW)Str e ik ' A 



3 V 32 x 

x <j [Ap, A v ] ■ [A p , A a ) + Cty ■ T^ p [A c , i/>] - |c<A; A (^ ■ • [A>, 

' feV^-r^-^-r^)), (4.27) 



8-4! 

where C is a numerical constant which we could not determine in this approach of the 
calculation. But we can instead make use of other information of the block-block interaction 
briefly explained in the next subsection and determine it to be C = —1/3. Therefore we have 
the vertex operators for the graviton and the 4-rank antisymmetric tensor field respectively, 

Vj, = 2 Str e ik - A {[A„,A<>] ■ [A U) A p ] + ■ T {fl [A u) ,^ - -k^ ■ Y pa{ ^ ■ [A u)) A°] 

fcV(^-r^»-(^-r^)l, (4.28) 



8-4! 



"8^4!^^ ' Vx[ ^ ) ' ^ ' r H^)}> ( 4 - 29 ) 

where F pv = [An,A v ]. These vertex operators satisfy the conservation laws by similar 
calculations as 1)4.25)1 . 

k?V* = 0, k°V A pa = 0, (4.30) 

if we use the equations of motion (J2.3)) and ()2.4p . In the vertex operator of the graviton, 
while the fourth term trivially satisfies this equation, the first three terms multiplied by 
k^ are combined to become a term proportional to the equations of motion. In the case of 
the 4-rank antisymmetric tensor, by multiplying k p , the forth term trivially vanishes and 
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so does the first term due to the Jacobi identity. The second and the third terms satisfy 
the conservation law because of properties of the symmetrized trace. 

Thus the couplings with the graviton and the 4-rank antisymmetric tensor wave func- 
tions 

hTVb A^Vf upa , (4.31) 

are respectively gauge invariant. 



4.5 Other vertex operators 

The other vertex operators are obtained from the terms containing more A's and the cal- 
culations of them become exponentially more difficult. Therefore we do not proceed with 
this calculation here and give a part of the vertex operators by using other approaches. 

The IIB matrix model can be regarded as a matrix regularization of the Schild type 
action for the IIB superstring. The supercurrent of the Schild action associated with the 
homogeneous supersymmetry (jl.3j) is given by 

jf = {x,, x v }{x p , x CT }r"T> - 1 ^}) r„v>. (4.32) 

It is then expected that the vertex operator for the charge conjugation of the gravitino 
includes a term which is a matrix regularization of the above supercurrent of the Schild 
action. Hence we have 

V* c = Str e lhA ([Ap, A,] ■ [A p , A a ) • r"T> + ^ ■ T U [A^ ^ ' ■ ( 4 -33) 

This satisfies the relation k^V^ c = up to the equations of motion. Of course, the vertex 
operator will also contain other terms which include more fermions and momentum k^. 

In the IIB matrix model, the interactions between supergravity modes can be obtained 
from the one-loop calculation by integrating out off-diagonal components of the matrices. 
These interaction terms are interpreted as exchange of massless supergravity particles be- 
tween vertex operators for the diagonal-blocks of the matrices. Exchange of the graviton, 
dilaton and antisymmetric tensor field is identified in pQ by calculation of one-loop effective 
action without fermionic backgrounds. With fermionic backgrounds we can also identify 
exchange of the fermionic fields such as gravitinos and dilatinos. Moreover we can also read 
off other terms of the bosonic vertex operators containing even number of fermion fields 
such as the second term of the graviton vertex operator (J4.28j) or the coefficient C in the 
4-th rank antisymmetric tensor field. The one-loop effective action expanded with respect 
to the inverse powers of the relative distance between two blocks was given in [7j ^2] [EI] ; 

i 1 

uK*ij) — —^Tr^HT T T T T T T T 

vv UkJ z 1 v* 7 jiv J va J <jt j Tfj, A J pv J \iv J ra J ; 



4 ^ ^ Ta Taj (dw -dwy 

-3STr^\^mW a ^ p [A^ *]) (d(0 X _ dij)) s 
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W(ho) expresses the interaction between the i-th block and j-th block and (d^ —S^) is the 
distance between the center of mass coordinate of the i-th block and that of the j-th block. 
Tr is the trace of the adjoint operators and T , A and \1/ are adjoint operators which act as 
OS = [O, S]. W^4 denotes terms including four \l/'s. The terms up to 0(r~ 7 ) cancel each 
other when backgrounds are restricted to satisfy the matrix model equations of motion. 
From the above result we can identify some terms in the vertex operators. 

In the case of the vertex operator for the charge conjugation of the antisymmetric 
tensor V^J , the leading term with the least number of fermion fields can be read from the 
calculations of the block-block interaction as, 

Str e* A ([Ap, A p ] ■ [A p , A al \ ■ [A a , A v ] - l -\A p , A u ] ■ [A", A°] ■ [A a , A p ]j . (4.35) 

Requiring the current conservation, k^V^J = 0, it can be understood that the vertex 
operator should include the following terms, 

VfJ = Str e* A ([A„ A p \ ■ [A", A°] ■ [A c , A u ] - \[A,, A v \ ■ [A p , A°] • [A a , A p ] 
~$ ■ T (p [A p) ^} ■ [A p , A,} + ■ 1{V [A P )M ■ [A p , A p ] 

■ T pa[p 4> ■ [A u] , [A p , A^}] - l -k^ ■ T xp °4> ■ [A^, A„] ■ [A v , A,]) ■ (4.36) 

For the charge conjugations of the dilaton, the leading terms of the vertex operators 
can be similarly read from block-block interactions as, 

V* c = Str e ik A { [Ap, A v ] ■ [A v , A p \ ■ [A p , A a \ ■ [A° , A p ] 

~[A^, A v \ ■ [A\ A p \ ■ [A p , A a ] ■ [A- , A p ] 

+ [A a ,A p ] ■ [A v , A p \ ■ ipT^VP • [A a , ip] ^ . (4.37) 

The charge conjugated dilatino vertex operator can be obtained from this charge conjugated 
dilaton vertex operator by supersymmetry transformations. The leading order term is 
proportional to 

V* c = Str e^ A | ([Ap, A p ] ■ [A p , A"] ■ [A a , A v ] - A v ] ■ [A p , A°] ■ [A a , A^ ■ Y^ 
+^[A„ A v \ ■ [A p , A a ] ■ [A\, A T ] ■ P""*^} . (4.38) 
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In order to obtain complete forms of the vertex operators, we need to accomplish the 
calculation which we performed in the previous section. The calculation is very complicated 
and tough. As we briefly explained above, we can instead determine the leading order terms 
of the vertex operators from the calculations of block-block interactions with bosonic and 
fermionic backgrounds. 

5 Conclusions and Discussions 

In this paper, we have constructed a set of wave functions and vertex operators in the 
IIB matrix model by expanding the supersymmetric Wilson loop operator. They form a 
massless multiplet of the type IIB supergravity. The vertex operators satisfy conservation 
laws, for instance eq. (|4.24|) or ()4.30|) by using equations of motion for N 1 and i/j. 

When we couple these vertex operators to background fields such as a graviton h^ u field 
and integrate out the matrices, we can obtain effective action for the background fields. 
Schematically it is written as 



Since vertex operators satisfy the conservation laws, the effective action S e ff[h^ v ] has a 
gauge symmetry and it may be written as a sum of gauge invariant terms; 



Here Cj(iV) are N dependent coefficients. This is reminiscent of the induced gravity. Of 
course in order to show that the gravity theory indeed appears as above, we need to show 
that the graviton is formed as a bound state and calculate the coefficients as functions of 
the matrix size N. Both of them are very difficult to perform but we can instead make use 
of the large N renormalization group as we will discuss below. 

Here we discuss the origin of the conservation laws. We have used the supersymmetric 
Wilson loops and the supersymmetry transformations in order to obtain the vertex oper- 
ators. We did not use the explicit form of the action. Nonetheless the vertex operators 
satisfy the conservation laws by using the equations of motion derived from the action 
(jl.lj) . This is due to the commutation relation of the supersymmetry generators ()2.6|) . Re- 
call that the supersymmetric Wilson loop is invariant under simultaneous supersymmetry 
transformations of the matrices and wave functions as eqs. ()2.9|) and (j2.10j) only by using 
the equations of motion. On the other hand, the supersymmetry transformations of the 
wave functions (J3.5(Jj) contain gauge transformations. Because of it, the vertex operators 
satisfy conservation laws by using the equations of motion. In this sense, the conservation 
laws for the vertex operators follow from the supersymmetries. In string theories, confor- 
mal invariance guarantees the gauge invariance and the decoupling of unphysical modes 
from the S-matrix elements. It would be interesting to search for such a hidden symmetry 
in matrix models. 




(5.1) 



Sef f [hn = I 



x( Cl {N)^g + c 2 {N)JgR +•••)■ 



(5.2) 
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Another interesting issue is to obtain the equation of motion for the background field 
of the matrix models. In string theories, conformal invariance plays an important role in 
deriving equation of motion for the background. In the matrix model, we expect that large 
N renormalization group will play such a role. Matrix models are believed to describe 
string theories in the large N limit. As we discussed in the introduction, we implicitly 
assume that there are background D(-l)'s other than the N D(-l)'s and a modification of 
the configurations of the background D(-l)'s leads to a modification of the background field 
for the N D(-l)'s. Hence stability of the background must be related to the stability of the 
background configurations under integrations of the background D(-l)'s. More concretely, 
we start from the matrix model for (iV+1) x (iV+1) hermitian matrices A'^ with a graviton 
coupling 

SikktW + j dk h^(k)V^[A'^ (5-3) 

and integrate one D(-l) (which we call a mean field D(-l)). Then we arrive at a matrix 
model action for N x N hermitian matrices with a modified graviton coupling 

Sikkt[A,] + J dk ti^(k)V^[A»l (5-4) 

and we can obtain a renormalization group flow for the coupling constant 

h^{k) -> h^(k) + 5h^{k). (5.5) 

Fixed points of this renormalization group flow will give the equations of motion for the 
background fields. Though the calculation itself is very difficult, we can also in principle 
obtain renormalization group flow for the coefficients Cj(iV) of the effective action (j5.2j) . 
We want to investigate these issues in future publications. 
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Appendix 

A Majorana-Weyl representation 

We use the following Majorana-Weyl representation, 
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where e = ia 2 . 

B Properties of gamma matrices 

• Metric 



• Clifford algebra 



• Hermit icity 



(A.l) 



g liV = diag(-l,+l,...,+l) (D = fO) (B.f) 

{T li ,T v } = 2g IJa/ (B.2) 

rn^rorx-.-rg, (r n ) 2 = f (b.3) 

(r„)t = r» = r ^r (b.4) 

(T o y = -T , (r,)t = T l (i = 1, 2, . . . , 9) (B.5) 

(rn) 1 = T n (B.6) 

Under our representations, 

(r ) T = r , (r,) T = -i\ , (bj) 

and 

r r^r = -(r M ) T . (b.8) 
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ii^y = -z^t(r )ty = (b.9) 

(tr ^iy^v])* = tr #V[A", V] (b.io) 

Charge conjugation 

^ c = c$ T = v* , c = r (b.ii) 

Weyl spinor 

V> = rW> (B.12) 
^ir WM2 ... Mn ^2 = v4 r or m/i2 ... /in r 1 i'02 

= (-l)^!^^ (B.13) 
Therefore bilinear forms of spinors vanish unless n is odd. 
Majorana spinor 

^j c = ^ — v ip = ip* (B.14) 

Under our representations, 

Tpir m ..^2 = -^ 2 r (r MlM2 ... M J T (r ) T ^i 

= -(-l)^^ 2 r wM2 ... Mn Vx (B.15) 

When ?/>i = ^2 is Majorana- Weyl spinor, therefore, bilinear forms of spinors vanish 
unless n = 3 or 7. 



C Fierz identity 

The Fierz identity is given by 

1 5 - 

(^M^i^N^) = -—^Cnfar^faNT^Mfo), (C.l) 

n=0 

1 1 1 

Co = 2, C\ — 2, C 2 = —1, C 3 = — -, C 4 = — , C 5 = — . (C.2) 

where A n is indexes for n-rank Gamma matrix. 

We here note some useful relations related to the Fierz identity. We set 

a = r^(tr aM ol (c.3) 

b = r^T^o^ (C4) 

c = /^(er^oer^, (c.5) 
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where is an arbitrary antisymmetric tensor. Performing the Fierz transformation, we 
find 

A = -1(2^ + 65-3(7), (C.6) 

B = -— (UA + 10B + 3C). (C.7) 
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From these relations we obtain 



The following relation holds, 



(eiw)er a/3 = o. (c.8) 

2X + Y - Z = 0, (C.9) 

where 

X = mejtO^T^O, (CIO) 

Y = r^KieT^i^a^), (Cll) 

z = rk»k"(er a ua t)(tr a „ P t). (c.i2) 

Here f^ u is an arbitrary antisymmetric tensor and k 2 = 0. 

We can derive the following identity from the Fierz transformation, 

bfiubpa ~^{b fiub pa ~f~ b au bpp b G pb V p} 

~^{.9crpb u b a p 9aub^ b a p -\- Qpub^ b aa 9ppb u b aa ) 
+ \{k v b«-kp,b v a ){XT p(Ta X) 

+ \{Kb p a - kpb^ixr^x), (c.i3) 

o 

where bp U = k p {XT^ vp X). 

The following relations among the gamma matrices hold, 

r^ n r M = (-ir(io-2n)r^, 

r a /3 7 r^r Q/37 = 288r M , v afjl v ^pT^ 1 = — 48r AU , p , r aj g 7 r^ pcrA r a/37 = o. (c.14) 
D Symmetrized trace 

The symmetrized trace is defined in (I4.1()j) . In particular, explicit forms for two and three 
operators are written as 

Str (e lk - A B -C) = tr f dt e^Be^^C, ^ ^ 

Jo 

Str (e ik ' A B ■ C ■ D) = tr f dt x I dt 2 e ik ' Atl Be^^-^Ce^ 1 -^ D 

Jo Jt ± 

+ (C < — >D) (D.2) 
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where all matrices are bosonic. The definitions for fermionic matrices can be obtained by 
replacing the bosonic matrices on the above equations with the fermionic matrices multi- 
plied by Grassmann odd numbers. The center-dot on the left hand side means that matrices 
are inserted at different places. We note useful equations related to the symmetrized trace, 

Str (e ik - A [ik ■ A, A a ] ■ ^) = tr [e lk ' A , A a ] ^, (D.3) 
Str (e*^ • ■ [ik ■ A, A p }) = 2 Str (e^ ■ r> A [A p , ^]) , (D.4) 

where the following relation is used, 

[e ifc ' A , B] = I dt e ik - At [ik ■ A, B\ e ik ' A ^ . (D.5) 
Jo 
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